Strongly bound yet light bipolarons for double-well electron-phonon
  coupling by Adolphs, Clemens PJ & Berciu, Mona
ar
X
iv
:1
40
6.
30
72
v1
  [
co
nd
-m
at.
str
-el
]  
11
 Ju
n 2
01
4
Strongly bound yet light bipolarons for double-well electron-phonon coupling
Clemens P.J. Adolphs1, ∗ and Mona Berciu1, 2
1Department of Physics and Astronomy, University of British Columbia, Vancouver, British Columbia, Canada, V6T 1Z1
2Quantum Matter Institute, University of British Columbia, Vancouver, British Columbia, Canada, V6T 1Z4
(Dated: November 5, 2018)
We use the Momentum Average approximation (MA) to study the ground-state properties of
strongly bound bipolarons in the double-well electron-phonon (el-ph) coupling model, which de-
scribes certain intercalated lattices where the linear term in the el-ph coupling vanishes due to
symmetry. We show that this model predicts the existence of strongly bound yet lightweight bipo-
larons in some regions of the parameter space. This provides a novel mechanism for the appearance
of such bipolarons, in addition to long-range el-ph coupling and special lattice geometries.
PACS numbers: 71.38.Mx, 71.38.-k, 63.20.kd, 63.20.Ry
I. INTRODUCTION
The coupling of charge carriers to lattice degrees of
freedom (phonons) plays an important role in determin-
ing the properties of a wide range of materials such as or-
ganic semiconductors,1,2 cuprates,3–8 manganites,9 two-
gap superconductors like MgB2,
10–13 and many more.
When a charge carrier becomes dressed by a cloud of
phonons, the quasi-particle that forms – the polaron –
may have quite different properties from the free par-
ticle, such as a larger effective mass and renormalized
interactions with other particles. One particularly inter-
esting effect of the latter is the formation of bipolarons,
where an effective attraction mediated by exchange of
phonons binds the carriers together. If the binding is
strong enough, the two phonon clouds merge into one,
resulting in a so-called S0 bipolaron. Weaker binding,
where each polaron maintains its cloud and the binding
is mediated by virtual visits to the other carrier’s cloud,
is also possible and results in a S1 bipolaron.14,15
The existence of bipolarons is interesting for many rea-
sons. For instance, it has been suggested that Bose-
Einstein condensation of bipolarons might be responsible
for superconductivity in some high-Tc materials.
16 For
this to occur, the bipolaron must be strongly bound so
it can survive up to high temperatures. However, such
strong binding generally requires strong electron-phonon
coupling. In most simple models of el-ph coupling such
as the Holstein model,17 this also results in a large effec-
tive mass of the bipolaron14,15 which severely reduces its
mobility and makes it likely to become localized by even
small amounts of disorder.
For this reason, much of the theoretical work on
bipolarons is focused on finding models and parameter
regimes for which the bipolaron is strongly bound yet
relatively light. So far, successful mechanism are based
either on longer-range electron-phonon interactions18–21
or on special lattice geometries such as one-dimensional
ladders or triangular lattices.22
Here we show that the recently proposed (short-range)
double-well el-ph coupling model23 also predicts the ex-
istence of strongly bound bipolarons with relatively low
effective mass in certain regions of the parameter space,
thus revealing another possible mechanism for their ap-
pearance. Our study uses the Momentum Average (MA)
approximation,23–26 which we validate with exact diago-
nalization in an enlarged variational space. Since in the
single-particle case the dimensionality of the underlying
lattice had little qualitative impact, we focus here on the
one-dimensional case.
This work is organized as follows. In Section II we
introduce the Hamiltonian for the double-well model and
in Section III we discuss the methods we use to solve it.
In Section IV we present results for the bipolaron binding
energy and effective mass, and in Section V we summarize
our conclusions and an outlook for future work.
II. MODEL
The double-well el-ph coupling model was introduced
in Ref. 23 for the single polaron case. For ease of refer-
ence, we repeat some of its motivation and introduction
here.
The model is relevant for crystals whose structure is
such that a sublattice of light ions is symmetrically in-
tercalated with one of much heavier ions; the latter are
assumed to be immobile. Moreover, charge transport
occurs on the sublattice of the light ions. An exam-
ple is the one-dimensional intercalated chain shown in
Fig. 1(a). Another example is a two-dimensional CuO
layer, sketched in Fig. 1(b), where the doping holes move
on the light oxygen ions placed in between the heavy
copper ions. In such structures, because in equilibrium
each light ions is symmetrically placed between two im-
mobile heavy ions, the potential felt by a carrier located
on a light ion must be an even function of that ion’s
longitudinal displacement from equilibrium, i.e. the first
derivative of the local potential must vanish. As a result,
the linear electron-phonon coupling is zero by symmetry,
and one needs to consider the quadratic coupling. This
is what the double-well el-ph coupling model does.
Starting from the single-polaron Hamiltonian describ-
ing double-well el-ph coupling, introduced in Ref. 23, we
add the appropriate terms for the many-electron problem
2to obtain
H = Tˆ +Ω
∑
i
b†ibi + U
∑
i
nˆi↑nˆi↓
+ g2
∑
iσ
c†iσciσ
(
b†i + bi
)2
+
∑
i
gni4
(
b†i + bi
)4
. (1)
Here, ciσ and bi are annihilation operators for a spin-
σ carrier at site i, and a phonon at site i. Tˆ describes
hopping of free carriers on the sublattice of light ions in
an intercalated lattice like that sketched in Fig. 1. For
simplicity, we consider nearest-neighbor hopping only,
Tˆ = −t∑〈i,j〉,σ c†iσcjσ + h.c., although our method can
also treat longer-range finite hopping.27 The next two
terms describe a single branch of dispersionless opti-
cal phonons with energy Ω, and the Hubbard on-site
Coulomb repulsion with strength U . The last two terms
describe the el-ph coupling in the double-well model. As
mentioned, in lattices like that sketched in Fig. 1, the
coupling depends only on even powers of the light-ion
displacement δxˆi ∝ b†i + bi (the heavy ions are assumed
to be immobile). As a result, the lowest order el-ph cou-
pling is the quadratic term whose characteristic energy g2
can have either sign, depending on modeling details. As
discussed at length in Ref. 23, the interesting physics oc-
curs when g2 < 0 so that the el-ph coupling “softens” the
lattice potential. For sufficiently negative g2 this renders
the lattice locally unstable in the harmonic approxima-
tion and requires the inclusion of quartic terms in the
lattice potential. For consistency, one should then also
include quartic terms in the el-ph coupling. As detailed in
Ref. 23, under reasonable assumptions the quartic lattice
terms can be combined with the quartic el-ph coupling
term on sites hosting a carrier and ignored on all other
sites. Because the resulting quartic term contains con-
tributions from both the lattice potential and from the
el-ph interaction, it should not be assumed to be linear
in the carrier number, unlike the quadratic term which
arises purely from el-ph coupling. Instead, we use the
general form
g
(ni)
4 = g4 ·


0, if ni = 0
1, if ni = 1
α, if ni = 2
where ni =
∑
σ c
†
iσciσ is the number of carriers on site
i, and α is a constant between 1 and 2. Setting α = 2
assumes that quartic lattice effects are negligible com-
pared to the quartic el-ph terms, whereas α = 1 is the
opposite extreme. For the remainder of this article we
set α = 1, so that g
(1)
4 = g
(2)
4 = g4. This case leads to
stronger coupling, since a lower g4 results in deeper wells
that are further apart,23 and thus represents the parame-
ter regime we are interested in. Physically, this describes
the situation where the quartic lattice terms are much
larger than the quartic el-ph coupling; however they are
still negligible compared to the quadratic lattice terms
and therefore can be ignored at sites without a carrier.
ionic potential
no extra carrier with extra carrier
hopping
(a)
(b)
FIG. 1. (color online) Sketch of the crystal structures dis-
cussed in this work: (a) 1D chain, and (b) 2D plane, consist-
ing of light atoms (filled circles) intercalated between heavy
atoms (empty circles). In the absence of carriers, the ionic
potential of a light atom is a simple harmonic well. In the
presence of a carrier, the ionic potential of the light atom
hosting it remains an even function of its longitudinal dis-
placement, so the linear e-ph coupling vanishes. In suitable
conditions the effective ionic potential becomes a double well.
(Reproduced from Ref. 23)
III. FORMALISM
We compute the bipolaron binding energy and
effective mass using the momentum average (MA)
approximation.23–26 Since we are interested in strongly-
bound bipolarons which have a large probability of hav-
ing both carriers on the same site, the version of MA
used here is the variational approximation that dis-
counts states where the two carriers occupy different
sites. This results in an analytic expression of the two-
particle Green’s function which is used to efficiently ex-
plore the whole parameter space. The accuracy of this
flavor of MA is verified by performing exact diagonaliza-
tion in a much larger variational subspace (details are
provided below). In the regime of interest the agree-
ment is very favorable, showing that the effort required
to perform the analytical calculation for a flavor of MA
describing a bigger variational space is not warranted.
A. Momentum Average approximation
We define states with both carriers at the same site,
|i〉 = c†i↑c†i↓|0〉, and states of given total momentum ~k
with both carriers at the same site,
|~k〉 = 1√
N
∑
i
ei
~k·~ri |i〉.
3The bipolaron dispersion Ebp(~k) is obtained from the
lowest energy pole of the two-particle Green’s function
G(~k, ω) = 〈~k|[ω −H+ iη]−1|~k〉,
where η → 0+ is a small convergence factor. The effective
bipolaron mass is 1/mbp = ∂
2Ebp/∂k
2|k=0. Throughout
this work we set ~ = 1, a = 1.
We split the Hamiltonian into H = H0 + H1 with
H0 = Tˆ + Ω
∑
i b
†
i bi describing the free system and H1
containing the interaction terms. We apply Dyson’s iden-
tity Gˆ(ω) = Gˆ0(ω) + Gˆ(ω)H1Gˆ0(ω) where
Gˆ0(ω) = [ω −H0 + iη]−1
is the resolvent of H0 and we also define
G0(~k, ω) = 〈~k|Gˆ0(ω)|~k〉 = 1
N
∑
~q
1
ω + iη − ǫ(~k − ~q)− ǫ(~q)
as a non-interacting two-particle propagator, where ǫ(~k)
is the free carrier dispersion. N → ∞ is the num-
ber of light-ion sites of the lattice. In 1D, G0(~k, ω)
equals the momentum-averaged single-particle free prop-
agator in one dimension for an effective hopping integral
2t cos(k/2), for which an analytic expression is known.28
In higher dimensions, such propagators can be calculated
as discussed in Ref. 29.
As mentioned, in a variational sense the MA used
here amounts to neglecting all states where the carriers
are not on the same site. This approximation is jus-
tified for the description of the strongly bound on-site
(S0) bipolaron, which is expected to have most of its
weight in the sector where both carriers are on the same
site. Another way to look at this is that the bipolaron
ground-state energy in the strongly-bound case must be
well below the non-interacting two-particle continuum,
and the free two-particle propagator will have vanish-
ingly small off-diagonal matrix elements at such ener-
gies. Ignoring them, the equation of motion becomes
G(~k, ω) ≈ G0(~k, ω) + 〈~k|Gˆ(ω)H1|~k〉G0(~k, ω), and thus:
G(~k, ω) = G0(~k, ω)
(
1 +
∑
i
eikRi√
N
[
(g2 + 6g4)F1(~k, ω, i) + g4F2(~k, ω, i) + UF0(~k, ω, i)
])
.
where Fn(~k, ω, i) = 〈~k|Gˆ(ω)b†,2ni |i〉 is a generalized two-
particle propagator. Equations of motion for the Fn
propagators are obtained in the same way, and read:
Fn(~k, ω, i) = g¯0(ω − 2nΩ)
[
g4(2n)
4¯Fn−2(~k, ω, i)
+
(
(2g2 + 6g4)(2n)
2¯ + 4g4(2n)
3¯
)
Fn−1(~k, ω, i)
+ (8ng2 + 12ng4 + 24n
2g4 + U)Fn(~k, ω, i)
+ (2g2 + 6g4 + 8ng4)Fn+1(~k, ω, i) + g4Fn+2(~k, ω, i)
]
.
(2)
where we use the shorthand notation xn¯ = x!/(x − n)!
and have introduced the momentum-averaged free two-
carrier propagator,
g¯0(ω) := 〈i|Gˆ0(ω)|i〉 = 1
N
∑
~k
G0(~k, ω)
=
1
N2
∑
~k,~q
1
ω − ǫ(~k − ~q)− ǫ(~q) + iη
.
In 1D, g¯0(ω) equals the diagonal element of the free prop-
agator for a particle in 2D, which can be expressed in
terms of elliptical functions and calculated efficiently.28
Similar considerations hold in higher dimensions.29
The equations of motions are then solved following the
procedure described at length in Refs. 23 and 26. For
consistency, we sketch the main steps here. First, we
introduce vectors Wn = (F2n−1, F2n)T for n ≥ 0 (the
arguments ~k, ω, i of the propagators are not written ex-
plicitly from now on). Note that with this definition,
W0 = (F−1, F0), yet F−1 is not properly defined. How-
ever, the final result has no dependence on F−1, as we
show below. The equations of motion are then rewrit-
ten in terms of Wn to read γnWn = αnWn−1 + βnWn+1.
The matrix elements of the 2× 2 matrices αn, βn, γn, are
easily read off Eq. (2).
Defining An = [γn − βnAn+1]−1αn, the physical solu-
tion of these recurrence equations is Wn = AnWn−1. In-
troducing a sufficiently large cut-off Nc where WNc = 0,
we can then compute A1 and have W1 = A1W0, i.e.,(
F1
F2
)
= A1
(
F−1
F0
)
=
(
a11 a12
a21 a22
)(
F−1
F0
)
.
One can easily check that a11 = a21 = 0. Thus, we obtain
F1 = a12F0 and F2 = a22F0. Substituting these results
back into the EOM for G we obtain
G(~k, ω) = G0(~k, ω)
[
1+
∑
i
ei
~k ~Ri
√
N
((2g2 + 6g4)a12 + g4a22 + U)F0(~k, ω, i)
]
.
Since, by definition, G(~k, ω) =
∑
i
ei
~k~Ri√
N
F0(~k, ω, i), and
4given that a12, a22 are functions of ω only, we find:
G(~k, ω) =
1
G−10 (~k, ω)− (2g2 + 6g4)a12 − g4a22 − U
.
(3)
Note that the coefficients a12 and a22 depend on all
parameters of the model, including U . As a result, the
position of the lowest pole of Eq. (3) is not simply lin-
ear in U , although this is a good approximation for the
strongly bound bipolaron.
We emphasize that this MA expression becomes exact
in two limiting cases. First, in the atomic limit t→ 0 the
free propagator has no off-diagonal terms and thus no
error is introduced by dropping them from the equations
of motion. Second, without el-ph interactions (gn = 0)
the Hamiltonian reduces to the Hubbard model which is
exactly solvable in the two-particle case.30 In both cases
MA gives the exact solution.
B. Exact Diagonalization
The results obtained via MA as outlined above are
checked against exact diagonalization results in a big-
ger variational subspace designed to describe well the
strongly bound S0 bipolaron. Hence, we only consider
states where all the phonons are located on the same lat-
tice site and at least one of the two electrons is close to
this cloud. The basis states are of the form
|~k, n, δ1, δ2〉 =
∑
i
ei
~k~ri
√
N
b†,ni c
†
i+δ1,↑c
†
i+δ2,↓|0〉
with the constraint that either δ1 or δ2 is below a certain
cut-off. In addition, a global cut-off Nc is imposed on
n+δ1+δ2. The ground state within the variational space
is then computed using standard eigenvalue techniques.
The main difference between these ED and MA results
is that MA discards contributions from configurations
where the carriers are at different lattice sites. Compar-
ing the two therefore allows us to gauge the importance of
such terms, and to decide whether the speed gained from
using the analytical MA expressions counterbalances the
loss of accuracy.
IV. RESULTS
From now on we focus on the one-dimensional (1D)
case, since our previous work23 suggests that going to
higher dimensions leads to qualitatively similar results.
Before discussing the MA results, we first compare
them to those obtained from ED in the larger varia-
tional subspace discussed above. A typical comparison
(for t = 1,Ω = 0.5 and g4 = 0.1) is shown in Fig. 2. The
left panel shows the ground state energy and the right
panel shows the inverse effective mass of the bipolaron.
In the regime where the bipolaron is strongly bound, i.e.
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(a) (b)
FIG. 2. (color online) (a) Bipolaron ground-state energy, and
(b) inverse effective mass for t = 1,Ω = 0.5, g4 = 0.1, com-
puted with ED (solid black line) and MA (red dots).
where its energy decreases fast and its effective mass in-
creases sharply as |g2| increases, we find excellent agree-
ment for the energy. The masses also agree reasonably
well, but MA systematically overestimates the bipolaron
mass. This is a direct result of the more restrictive nature
of the MA approximation: By discarding configurations
where the carriers occupy different sites, the mobility of
the bipolaron is underestimated and thus the effective
mass is overestimated. Nonetheless, this error is not very
large, and only means that the bipolarons in the double
well model are even lighter than calculated by MA. Due
to similarly good agreement in all cases we verified, for
the remainder of this work we only discuss results ob-
tained with the more efficient MA method.
We emphasize that our approximation for computing
the Green’s function is only valid in the regime of strong
binding and does not describe correctly the physics at
weak coupling. Since neither MA nor ED, as imple-
mented here, allow for the formation of two phonon
clouds, neither describes the formation of a weakly bound
S1 bipolaron (where polarons form on neighboring sites
and interact with each other’s clouds via virtual hop-
pings), nor the dissociation into two polarons as the cou-
pling is further decreased.14,15 Accuracy in these param-
eter regimes can be improved by applying more sophisti-
cated – yet much more tedious – versions of MA or ED
for suitably expanded variational spaces. For the purpose
of this work, however, we want to focus on the strong-
coupling regime, where our results are accurate.
We show the ground-state properties of the bipolaron
compared to those of two single polarons in Figs. 3, 4 for
two different values of Ω. In all those panels, we have set
U = 0 for simplicity; the role of finite U will be discussed
at the end of this section.
The ground state energy of the bipolaron behaves qual-
itatively similar for all values of Ω and g4 in that it shows
a kink at some g2 where the slope becomes steeper. This
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FIG. 3. (color online) Ground-state properties (total energy
and inverse mass) of the S0 bipolaron and two independent
polarons for t = 1,Ω = 0.5 and g4 = 0.2, 0.1, and 0.05 for a),
b), and c), respectively. For all panels, U = 0.
signifies the onset of the strong-coupling regime where
the bipolaron energy is well below the energy of two in-
dependent polarons, consistent with a strongly bound
bipolaron. At weaker coupling the results are not ac-
curate since – as explained above – our version of MA
cannot describe the dissociation of the bipolaron.
Consider now the behavior of the effective masses. For
all parameters considered here, we see that the single po-
laron mass mp starts out slightly above the free electron
mass m, then decreases until it is almost as light as the
free electron, before increasing again. This turnaround
in the polaron mass is due to partial cancellation ef-
fects of the quadratic and quartic el-ph coupling terms,
as discussed in Ref. 23. We observe that when the
bipolaron is already quite strongly bound, the single po-
laron can still be very light. Empirically, we find that in
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FIG. 4. (color online) Ground-state properties (total energy
and inverse mass) of the S0 bipolaron and two independent
polarons for t = 1,Ω = 2 and g4 = 0.2, 0.1, and 0.05 for a),
b), and c), respectively. For all panels, U = 0.
the strong-coupling regimemp ∼ m exp(−γ∆p/Ω) where
∆p = −2t − Ep is the single-polaron binding energy
and γ is a small numerical prefactor. This behavior is
also found in the Holstein model17 in the strong-coupling
limit, where γ = 1,∆p = −g2/Ω. The prefactor γ can
be much smaller in the double well model because of the
nature of the ionic potential. This was explained in de-
tail in Ref. 23, and will be discussed in the context of
bipolarons later in this section.
The bipolaron effective mass fluctuates around the
value of 2m in the weak coupling regime. As explained
above, here our method does not describe two indepen-
dent polarons, but two independent free electrons whose
effective mass should just be 2m. However, the two-
particle spectral function in this case does not have a
low-energy quasi-particle peak. Instead, it has a contin-
uum spanning the allowed two-particle continuum.
These issues disappear at stronger coupling where a
strongly bound bipolaron forms and MA becomes accu-
rate. The figures show that here the bipolaron quickly
gains mass with increased coupling strength |g2|, and that
this increase is stronger the smaller g4 is. Note that a
smaller g4 actually means stronger coupling, because the
wells are deeper and further apart.23
The same data is displayed in a different way in Fig. 5,
where we show the magnitude of the bipolaron bind-
ing energy ∆ = 2Ep − Ebp and the ratio of bipo-
laron to single-polaron masses, mbp/2mp. The strongly
bound bipolaron regime (where the results are accurate)
is reached when these quantities vary fast with g2. In par-
ticular, the results formbp/2mp show that here the bipo-
laron mass increases much more quickly than the polaron
mass. This is not surprising for models like this, where
the phonons modulate the on-site energy of the carrier.
At strong coupling the results can be understood starting
from the atomic limit t = 0, treating hopping as a per-
turbation. Since both carriers must hop in order for the
0
5
10
15
20
∆ 
/ Ω
g4 = 0.2
g4 = 0.1
g4 = 0.05
-1.5-1.0-0.5
g2
100
101
102
m
bp
 
/ 2
m
p
0
5
10
-1.5-1-0.50
g2
100
101
102
Ω=0.5 Ω=2
FIG. 5. (color online) Binding energy ∆ and effective-mass
ratio mbp/2mp of the bipolarons for Ω = 0.5 and Ω = 2 at
different values of g4.
6TABLE I. Some example values of the bipolaron binding en-
ergy and effective mass.
Ω g4 |g2| ∆/t m
∗∗/2m
0.5 0.1 0.9 1.25 8.3
0.2 1.3 1.48 4.4
2 0.1 1.3 3.11 5.9
0.2 1.5 1.03 1.8
bipolaron to move, one expects that mbp/m ∝ (mp/m)2;
indeed, we find this relation to be valid for a wide range
of parameters for our model.
Although in this regime the bipolaron quickly gains
mass, there are parameter ranges where its mass is still
rather light while the bipolaron is strongly bound. Ex-
amples of such parameters are given in Table I. We note
that qualifiers such as ”strongly bound“ and ”light“ are
subjective. In our case, we take the bipolaron as strongly
bound when the binding energy ∆/Ω > 1 and the ratio
mbp/2m < 10− 20, consistent with other references.18,22
Light but strongly bound bipolarons were previously
found for long-range el-ph coupling.18 The explanation
is that in such models, carriers induce a spatially ex-
tended lattice deformation, not one that is located in the
immediate vicinity of the carrier as is the case at strong
coupling in local el-ph coupling models. Because of their
extended nature, the overlap between clouds displaced by
one lattice site (which controls the effective hopping) re-
mains rather large, meaning that the polarons and bipo-
larons remain rather light in such models.
Even though it is due to a local el-ph coupling, the
mechanism resulting in light bipolarons in our model is
qualitatively similar, as illustrated in Fig. 6. In the linear
Holstein model the effect of an additional carrier added
to a lattice site is to shift the equilibrium position of
the ionic potential. The ionic wavefunctions correspond-
ing to an empty and an occupied site therefore have only
small overlap, which strongly reduces the effective carrier
hopping. In the double-well model, in contrast, the ionic
wavefunction for the doubly-occupied site has apprecia-
ble overlap with the ionic wavefunction for an empty or
a singly-occupied site and thus does not reduce the effec-
tive hopping as much.
We conclude with a brief discussion of the effects of a
finite, repulsive U . For a very strongly coupled S0 bipo-
laron, most of the weight is in states with both carriers
on the same site. In this regime, the binding energy de-
creases (nearly) linearly with U , ∆bp(U) ≈ ∆bp(U =
0)− U . However, increasing U increases the energy cost
of the S0 state and thus encourages hybridization with
off-site states, which results in an overall smaller effective
mass. We show results for the bipolaron energy and effec-
tive mass as a function of U in Fig. 7. We stay within the
regime U < ∆bp where the bipolaron remains strongly
bound. As predicted, the energy of the bipolaron in-
creases linearly with U , which in turn means that the
single well double-well
potential
ionic wf
FIG. 6. (color online) Ionic potential (above) and ionic
ground-state wavefunction (below) in the single-well and
double-well models. Solid lines correspond to the situation
without an additional carrier, dashed lines to the situation
with an additional carrier.
binding energy ∆bp decreases linearly with U . The ef-
fective mass also decreases (approximately) linearly with
U . This can be demonstrated for the strong coupling
limit via second order perturbation theory in the hop-
ping. Following along the lines in Refs. 14 and 15, the
effective hopping of the S0 bipolaron is of the form
m−1bp ∝ teff ∼
−t2e−γ∆/Ω
2Ep − U
for some constant γ. We see that the mass itself de-
creases linearly with U , with a steeper slope the larger
the effective mass at U = 0.
In essence, provided that it is not large enough to break
the bonding, a finite U does not change the overall pic-
ture and merely tunes the balance between the bipolaron
binding energy and its effective mass.
0 1 2 3
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-10
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E b
p
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FIG. 7. (color online) Bipolaron energy (left) and effective
mass (right) as a function of the Hubbard U , for t = 1,Ω = 0.4
and g4 = 0.1. Similar results are found for other parameters
if U is not large enough to lead to bipolaron dissociation.
7V. CONCLUSIONS AND OUTLOOK
In conclusion, we have investigated the bipolaron
ground-state properties in the dilute limit of the double-
well el-ph coupling model at strong coupling. We have
demonstrated that due to the particular nature of the
carrier-induced ionic potential, the double-well bipolaron
can be strongly bound while remaining light compared
to the bipolaron in the Hubbard-Holstein model. This
suggests a new route to stabilizing such bipolarons, in
addition to previously discussed mechanisms based on
long-range el-ph coupling or special lattice geometries.
We expect that a combination of these mechanisms will
lead to even lighter bipolarons.
In this work, we have used and validated a simple ex-
tension of the Momentum Average approximation to the
two-carrier case. While this generalization is appropri-
ate to describe a strongly bound S0 bipolaron, it cannot
describe the off-site (S1) bipolaron that forms at larger
Hubbard repulsion U , or the unbinding of the bipolaron
at even larger U . A more sophisticated version of MA,
currently under development, will give us insight into the
full phase diagram of the double-well model.
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